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Abstract
Current fluctuations in boundary-driven diffusive systems are, in many cases, studied using hy-
drodynamic theories. Their predictions are then expected to be valid for currents which scale
inversely with the system size. To study this question in detail, we introduce a class of large-N
models of one-dimensional boundary-driven diffusive systems, whose current large deviation func-
tions are exactly derivable for any finite number of sites. Surprisingly, we find that for some systems
the predictions of the hydrodynamic theory may hold well beyond their naive regime of validity.
Specifically, we show that, while a symmetric partial exclusion process exhibits non-hydrodynamic
behaviors sufficiently far beyond the naive hydrodynamic regime, a symmetric inclusion process is
well described by the hydrodynamic theory for arbitrarily large currents. We conjecture, and verify
for zero-range processes, that the hydrodynamic theory captures the statistics of arbitrarily large
currents for all models where the mobility coefficient as a function of density is unbounded from
above. In addition, for the large-N models, we prove the additivity principle under the assumption
that the large deviation function has no discontinuous transitions.
Keywords: large deviations of currents in non-equilibrium systems, driven diffusive systems (theory), stochas-
tic particle dynamics (theory), stationary states
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I. INTRODUCTION
One of the most fundamental ways to characterize the steady state of a system is through
the statistical properties of currents. These have been studied both in and out of equilibrium
and in both classical [1] and quantum systems [2–4]. Recently, much progress has been
achieved in understanding the statistics of time-averaged currents, which are encoded in
a corresponding large deviation functions (LDF), of boundary-driven diffusive systems in
one dimension [5–12] as well as in other geometries [13, 14]. Whereas exact microscopic
solutions are often available for bulk-driven systems [15–21], the results for boundary-driven
systems largely rest on the application of a hydrodynamic approach termed the macroscopic
fluctuation theory (MFT) [22–25], with the notable exception of [19].
Being a hydrodynamic theory, the MFT is naively expected to yield the correct statis-
tics of currents only when the current fluctuations are small enough for the hydrodynamic
description to be valid. For example, consider a single-species diffusive system on the line
0 ≤ x ≤ `, where ` denotes the length of the system. After coarse-graining and a diffusive
rescaling (x→ x/` and t→ t/`2 [26]), the hydrodynamic equation takes the form
∂tρ(x) = −∂xJ(x), (1)
with ρ(x) the coarse-grained density and J(x) the coarse-grained current. Since we are
interested in the ` → ∞ limit, this equation is not well defined for J(x) which before the
rescaling is not of the order of 1/`. Thus, the statistics of currents obtained by the MFT are
reliable only for current fluctuations of the order of 1/`. The same conclusion can be reached
by another argument more directly based on the MFT, which is discussed in Appendix A.
In this paper we study the validity of the hydrodynamic approach in regions where it
is expected to fail. Quite surprisingly, we find that there are classes of models where the
hydrodynamic approach captures the statistics of currents much beyond its naive regime of
validity. We give a simple explanation for this phenomena and based on it argue that this
3
behavior is expected to be generic when the mobility diverges with the density of particles.
To obtain these results, we study current LDFs of boundary-driven systems whose lat-
tice structure is preserved, keeping a finite number of sites L. Since the exact current
LDFs of microscopic lattice models are difficult to obtain (with the exception of the zero-
range-process [9]), we consider a little-studied class of coarse-grained models, which we term
large-N models. A large-N model consists of a one-dimensional chain of boxes, each of
which holds a macroscopically large number of particles (controlled by N) and which re-
laxes instantaneously to local equilibrium. As such, it retains the lattice structure even after
coarse-graining and can be thought of as an analog of the “boxed models” studied in [27, 28].
In a manner similar to models of population dynamics [29, 30] and lattice spin models in the
large-spin limit [31, 32], we rescale dynamical variables and hopping rates of the model by
powers of N . This allows us to apply the standard saddle-point techniques in the N → ∞
limit.
Thanks to simplifications arising from the assumption of a macroscopic number of parti-
cles at each box (site), the current LDFs of our large-N models are exactly derivable even
for a finite system with any number of sites L. By comparing the tail behaviors of the
current LDFs in the large-L limit with the predictions of the MFT approach, we can observe
how and when non-hydrodynamic behaviors start to emerge. Interestingly, our formulation
also shows that the same microscopic dynamics may produce different macroscopic models
depending on how the microscopic variables are scaled with N .
We note that there were previous studies on models with multiple particles per site, such
as partial exclusion processes [33], inclusion processes [34], or both [35, 36]. These studies
obtained exact expressions for particle density correlations on a finite lattice with L sites.
The corresponding density large deviations were studied in [31, 32], but only after a gradient
expansion in the L → ∞ limit that washes away the lattice structure. To our knowledge,
large deviation properties of these models at finite L have not been properly explored [37].
This paper is organized as follows. In Sec. II, we introduce two classes of large-N models,
which are the symmetric partial exclusion process (SPEP) and the symmetric inclusion
process (SIP). It is shown that the latter becomes equivalent to the well-studied Kipnis–
Marchioro–Presutti (KMP) model [38, 39] after an appropriate rescaling by N . In Sec. III,
we study current large deviations of the SPEP, which exhibits non-hydrodynamic behaviors
for current fluctuations sufficiently far beyond the naive hydrodynamic regime expected
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by the argument given above. In addition, we also discuss the validity of the additivity
principle. In Sec. IV, we analyze current large deviations of the SIP for different large-
N limits, which in all cases exhibit hydrodynamic behaviors for arbitrarily large current
fluctuations. Based on these results, in Sec. V we propose a criterion for the persistence of
hydrodynamic current fluctuations in the non-hydrodynamic regime, and confirm its validity
for the symmetric zero-range process. Finally, we summarize our results and conclude in
Sec. VI.
II. LARGE-N MODELS
We now turn to introduce the large-N versions of the SPEP and the SIP. Starting with
the SPEP the microscopic model is defined and used to obtain a path-integral represen-
tation for the current cumulant generating function (CGF) along with the prescription for
calculating it in the large-N limit. The hydrodynamic limit of the model is then presented
for completeness. The section closes by giving the corresponding results for the class of SIP
models.
A. Microscopic dynamics
The models are defined on a one-dimensional chain of L boxes which are in contact with
two particle reservoirs denoted by a and b (see Fig. 1 for an illustration). Each box is
assumed to be in local equilibrium so that the state of box k is completely specified by the
number of particles nk, for k = 1, 2, . . . , L. A particle hops from a box to an adjacent one
with a rate (in arbitrary units) given by
SPEP: (nk, nl)
nk(N−nl)−−−−−→ (nk − 1, nl + 1) for l = k ± 1,
SIP: (nk, nl)
nk(N+nl)−−−−−→ (nk − 1, nl + 1) for l = k ± 1, (2)
which reflects exclusion (‘attractive’) interactions between particles in the SPEP (SIP). It
is clear that for the SPEP the range of nk is bounded from above and below (0 ≤ nk ≤ N),
while for the SIP nk is only bounded from below (nk ≥ 0). The hopping rates at the
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boundaries are defined similarly as:
SPEP: n1
α(N−n1)−−−−−→ n1 + 1, n1 γn1−−→ n1 − 1,
nL
δ(N−nL)−−−−−→ n1 + 1, nL βnL−−→ nL − 1,
SIP: n1
α(N+n1)−−−−−→ n1 + 1, n1 γn1−−→ n1 − 1,
nL
δ(N+nL)−−−−−→ n1 + 1, nL βnL−−→ nL − 1. (3)
If the system is coupled only to reservoir a (reservoir b), the average number of particles in
each box relaxes to n¯a (n¯b) as determined by α and γ (β and δ). In what follows, we fix the
contact rates to the reservoirs through N/(γ + α) = 1, N/(β + δ) = 1 for the SPEP, and
N/(γ − α) = 1, N/(β − δ) = 1 for the SIP. The parameters n¯a and n¯b thus fully describe
the coupling with the reservoirs:
SPEP: α = n¯a, β = N − n¯b, γ = N − n¯a, δ = n¯b ,
SIP: α = n¯a, β = N + n¯b, γ = N + n¯a, δ = n¯b . (4)
This choice provides simpler expressions in the results presented below, without affecting
the large-L hydrodynamic behavior.
With these definitions it is natural to introduce density variables according to
ρk ≡ nk
N
, ρ¯a ≡ n¯a
N
, ρ¯b ≡ n¯b
N
, (5)
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FIG. 1. Illustrations of two types of large-N models. (Left) The SPEP features repulsive interac-
tions, and each box can hold at most N particles. (Right) The SIP features attractive interactions,
and there is no upper bound on the number of particles in each box.
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and rescale time as t → Nt. Then the evolution of the average density profile, taken over
some initial distribution and denoted by angular brackets, satisfies
∂〈ρk〉
∂t
= 〈ρk−1〉 − 2〈ρk〉+ 〈ρk+1〉 (6)
for any k = 1, 2, . . . , L with ρ0 ≡ ρ¯a and ρL+1 ≡ ρ¯b. We note that the discrete diffusion
equation (6) is also known to hold exactly for the standard Symmetric Simple Exclusion
Process (SSEP), which corresponds to the SPEP with N = 1.
Under this rescaling, for the SPEP, N is naturally interpreted as the capacity of each
box. On the other hand, for the SIP the number of particles is not bounded from above.
Therefore, N does not admit a natural interpretation without specifying how both n¯a and
n¯b scale with N . In fact, one can choose an alternate scaling and define densities for the
SIP as
ρk ≡ nk
N1+α
, ρ¯a ≡ n¯a
N1+α
, ρ¯b ≡ n¯b
N1+α
(7)
with t rescaled by N as above and α > 0 (the rationale behind this constraint will become
clear below). It is straightforward to check that (6) is then unchanged. Interestingly, these
two scaling choices for the SIP, as we show below, lead to different macroscopic theories. In
what follows, when we also study the SIP rescaled by (7) and refer to it as SIP(1+α), in
contrast to the SIP(1) whose scaling is defined in (5).
B. SPEP – current CGF and hydrodynamic limit
Our interest is in calculating the current CGF which encodes the statistics of the time-
averaged density current J . We can obtain J , for example, by measuring the flux of particles
from box L to reservoir b during an interval t ∈ [0, T ]. The CGF is then defined through
eNTψN,L(λ,ρ¯a,ρ¯b) =
〈
eNλTJ
〉
for T  1, (8)
where the average, denoted by angular brackets, is taken with fixed ρ¯a and ρ¯b, and λ is
conjugate to the current J . Using standard methods (see Appendix B), we can write a
path-integral representation of the CGF
eNTψN,L(λ) =
∫
DρDρˆ exp
{
−N
∫ T
0
dt [ρˆ · ρ˙−HL(λ;ρ, ρˆ)] + o(N)
}
(9)
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with ρ ≡ (ρ1, ρ2, . . . , ρL) the density vector and ρˆ ≡ (ρˆ1, ρˆ2, . . . , ρˆL) the auxiliary ‘momen-
tum’ vector. For the SPEP, the Hamiltonian HL is given by
HSPEPL (λ;ρ, ρˆ) =
L−1∑
k=1
[
ρk(1− ρk+1)
(
eρˆk+1−ρˆk − 1)+ ρk+1(1− ρk) (eρˆk−ρˆk+1 − 1)]
+ ρ1(1− ρ¯a)
(
e−ρˆ1 − 1)+ ρ¯a(1− ρ1) (eρˆ1 − 1)
+ ρL(1− ρ¯b)
(
e−ρˆL+λ − 1)+ ρ¯b(1− ρL) (eρˆL−λ − 1) . (10)
When N is very large (in the sense of N  T  1), the large-N CGF ψL can be obtained
using saddle-point asymptotics
ψL(λ) ≡ lim
N→∞
ψN,L(λ) = lim
T→∞
1
T
inf
ρ, ρˆ
∫ T
0
dt [ρˆ · ρ˙−HL(λ;ρ, ρˆ)] (11)
with the infimum taken over trajectories of ρ and ρˆ. As advertised above, this approximation
requires only N to be a large parameter, so its predictions hold for any value of L. The
minimization principle (11) is similar to that of the MFT approach [25] for the SSEP, with
N , instead of L, playing the role of the large parameter governing the saddle-point. This
allows us to keep track of the lattice structure at any finite L.
Assuming that the minimizing trajectory is time-independent, the saddle-point equations
are given by
∂ρ
∂t
=
∂HL
∂ρˆ
= 0,
∂ρˆ
∂t
= −∂HL
∂ρ
= 0. (12)
The solutions of these equations, which we denote by ρ∗ and ρˆ∗, are typically called the
optimal profiles which support the current fluctuation J . Then the current CGF is obtained
from (11) as
ψL(λ) = HL(λ;ρ
∗, ρˆ∗). (13)
The additivity principle, proposed in [6] (also independently studied in [24]), implies that
the above assumption is applicable for any value of λ. Although counterexamples were found
in periodic bulk-driven systems [7, 8, 40–42], the principle was analytically shown to be true
for any open boundary-driven diffusive system with a constant diffusion coefficient and a
quadratic mobility coefficient [10] — without ruling out possible discontinuous transitions,
which in turn were numerically discarded in [43] for a specific model related to the SIP.
As shown below, both the SPEP and the SIP correspond to this class of systems in the
hydrodynamic limit. Thus we expect that the same principle is also applicable to our large-
N models, and discuss arguments supporting its validity in Sec. III C and Appendix C.
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Finally, we show that under appropriate assumptions our large-N models are well de-
scribed by hydrodynamic theories. To see this, we first apply a diffusive scaling in terms of
L, which involves writing the position of box k as x ≡ k/(L + 1) (with the lattice spacing
set to one) and rescaling time by t→ t/(L + 1)2. We also assume that differences between
adjacent boxes, namely ρk+1 − ρk and ρˆk+1 − ρˆk, scale as 1/(L + 1). Then, in the L → ∞
limit, the gradients ∂xρ and ∂xρˆ are well defined, and (9) can be approximated as
eN(L+1)
2Tψ(λ) =
∫
DρDρˆ exp
{
−N(L+ 1)
∫ T
0
dt
[(∫ 1
0
dx ρˆρ˙
)
−H[ρ, ρˆ]
]}
. (14)
Here the Hamiltonian H[ρ, ρˆ], which is no longer dependent on λ, is now a functional of
continuous profiles ρ(x) and ρˆ(x). The functional typically has the form of
H[ρ, ρˆ] =
∫ 1
0
dx
[
−D(ρ)(∂xρ)(∂xρˆ) + σ(ρ)(∂xρˆ)
2
2
]
(15)
with D(ρ) the diffusion coefficient and σ(ρ) the mobility coefficient. For the SPEP, these
coefficients are given by
D(ρ) = 1, σ(ρ) = 2ρ(1− ρ), (16)
respectively. We note that this σ(ρ) is bounded from above, with the maximum value given
by σ(1/2) = 1/2. Meanwhile, the rescaling of time speeds up the microscopic dynamics, so
the leftmost (k = 1) and rightmost (k = L) boxes equilibrate with the coupled reservoirs
(see e.g. Appendix B.2 of Ref. [32]). Hence, the spatial boundary conditions are given by
ρ(0) = ρ¯a, ρ(1) = ρ¯b, ρˆ(0) = 0, ρˆ(1) = λ, (17)
whose dependence on λ keeps ψ a function of λ.
In what follows we list the corresponding sets of results for the SIP(1) and the SIP(1+α).
C. SIP(1) – current CGF and hydrodynamic limit
It is straightforward to repeat the above derivations for the SIP. We find, using the
notation of (9),
H
SIP(1)
L (λ;ρ, ρˆ) ≡
L−1∑
k=1
[
ρk(1 + ρk+1)
(
eρˆk+1−ρˆk − 1)+ ρk+1(1 + ρk) (eρˆk−ρˆk+1 − 1)]
+
[
ρ1(1 + ρ¯a)
(
e−ρˆ1 − 1)+ ρ¯a(1 + ρ1) (eρˆ1 − 1)]
+
[
ρL(1 + ρ¯b)
(
e−ρˆL+λ − 1)+ ρ¯b(1 + ρL) (eρˆL−λ − 1)] . (18)
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In addition, the corresponding hydrodynamic Hamiltonian in the large-L limit is given by
(15) with
D(ρ) = 1, σ(ρ) = 2ρ(1 + ρ). (19)
We note that σ(ρ) in this case is not bounded from above.
D. SIP(1+α) – current CGF and hydrodynamic limit
For the SIP(1+α) we similarly find, using the notation of (9),
H
SIP(1+α)
L (λ;ρ, ρˆ) ≡
L−1∑
k=1
[−(ρk+1 − ρk)(ρˆk+1 − ρˆk) + ρkρk+1(ρˆk+1 − ρˆk)2]
+ (ρ¯a − ρ1)ρˆ1 + ρ¯aρ1ρˆ21 + (ρ¯b − ρL)(ρˆL − λ) + ρLρ¯b(ρˆL − λ)2. (20)
The hydrodynamic description of this model in the large-L limit is given by (15) with
D(ρ) = 1, σ(ρ) = 2ρ2, (21)
where σ(ρ) is again not bounded from above. These transport coefficients are also shared
by the Kipnis–Marchioro–Presutti (KMP) model of heat conduction [38, 39]. It is notable
that the same microscopic model produces different macroscopic behaviors depending on
the reservoir properties.
III. CURRENT LARGE DEVIATIONS IN THE SPEP
In what follows we first show that the scaled CGF of the time-averaged current in the
SPEP in the large-N limit is given by
ψSPEPL (λ) =
(L+ 1) sinh
2
(
1
L+1
arcsinh
√
ωSPEP
)
if ωSPEP ≥ 0,
−(L+ 1) sin2 ( 1
L+1
arcsin
√−ωSPEP) if ωSPEP < 0. (22)
where
ωSPEP ≡ (1− e−λ) [eλρ¯a − ρ¯b − (eλ − 1)ρ¯aρ¯b] . (23)
Note that although the result depends explicitly on the sign of ωSPEP, it is straightforward
to verify that it is an analytic function of λ. After deriving this result, we compare (22) to
the predictions of the hydrodynamic theory. As we show, for large enough currents the two
theories, as one might expect using the simple argument of the introduction, do not agree.
Finally, we discuss finite-N effects and their implications on the additivity principle.
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A. Derivation of the scaled CGF
As stated above, assuming additivity, the problem of calculating the CGF in the large-N
limit is reduced to solving (12). To do this it is useful to use the canonical transformation [31,
32, 44]
ρk = Fk
[
1 + (1− Fk)Fˆk
]
, ρˆk = ln
(
1 +
Fˆk
1− FkFˆk
)
, (24)
which can also be written as
Fk =
ρk
eρˆk(1− ρk) + ρk , Fˆk = (e
ρˆk − 1)(1− ρk) + (1− e−ρˆk)ρk. (25)
Then the Hamiltonian in the new set of coordinates, KSPEPL (λ, ρ¯a, ρ¯b;F, Fˆ), is given by
KSPEPL (λ, ρ¯a, ρ¯b;F, Fˆ) =
L−1∑
k=1
[
(Fˆk+1 − Fˆk)(Fk − Fk+1)− FˆkFˆk+1(Fk − Fk+1)2
]
+ Fˆ1(ρ¯a − F1)
+ e−λ
[
FˆL − (eλ − 1)(1− FLFˆL)
] [
ρ¯b − FL − FL(1− ρ¯b)(eλ − 1)
]
.
(26)
where F = (F1, F2, . . . , FL) and Fˆ =
(
Fˆ1, Fˆ2, . . . , FˆL
)
.
Note that the canonical transformation also adds temporal boundary conditions to the
action which can be ignored in the T →∞ limit. The scaled CGF is then given by:
ψL(λ, ρ¯a, ρ¯b) = K
SPEP
L (λ, ρ¯a, ρ¯b;F
∗, Fˆ∗), (27)
where (F∗, Fˆ∗) are solutions of
∂F
∂t
=
∂KSPEPL
∂Fˆ
= 0,
∂Fˆ
∂t
= −∂K
SPEP
L
∂F
= 0. (28)
In what follows, we solve these equations using the methods used in [10]. To avoid
cumbersome expressions we drop the ∗ notation from the optimal profiles (F∗, Fˆ∗) and use
(F, Fˆ). First, we choose the Ansatz
Fˆk = −A sinh(kB), Fk = ρ¯a + 1
2A
tanh
kB
2
, (29)
where A and B are undetermined constants. It is easy to check that this Ansatz satisfies
(28) for 1 ≤ k ≤ L − 1. Then the constants A and B are determined by the remaining
saddle-point equations
∂KSPEPL
∂FˆL
=
∂KSPEPL
∂FL
= 0. (30)
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These equations imply
∂KSPEPL
∂FL
= −4A2 cosh LB
2
∂KSPEPL
∂FˆL
, (31)
from which we obtain
A2 = ASPEP ≡ (e
λ − 1)[eλ(ρ¯b − 1)− ρ¯b]
4[1 + (eλ − 1)ρ¯a][eλρ¯a(ρ¯b − 1)− ρ¯aρ¯b + ρ¯b] . (32)
Then one can show that − 1
A
∂KSPEPL
∂FˆL
= 0 has the form of
sinh(LB − ε) + sinhB = 2 sinh (L+ 1)B − ε
2
cosh
(L− 1)B − ε
2
= 0, (33)
where ε satisfies
sinh2
ε
2
= ωSPEP ≡ (1− e−λ) [eλρ¯a − ρ¯b − (eλ − 1)ρ¯aρ¯b] . (34)
Given ε, (33) is solved by
B =
ε
L+ 1
. (35)
Thus we have found A and B up to the undetermined signs of A and ε. These signs can
be fixed by noting that the optimal density profile ρ∗ must always be nonnegative and that
the CGF must vanish at λ = 0. Without loss of generality, for ρ¯a ≥ ρ¯b the optimal profiles
are given by
Fˆ SPEPk =

−
√
ASPEP sinh
(
2k
L+1
arcsinh
√
ωSPEP
)
if λ < − ln
[
ρ¯a(1−ρ¯b)
ρ¯b(1−ρ¯a)
]
,
−√−ASPEP sin ( 2k
L+1
arcsin
√−ωSPEP) if − ln [ ρ¯a(1−ρ¯b)
ρ¯b(1−ρ¯a)
]
≤ λ < 0,
√
ASPEP sinh
(
2k
L+1
arcsinh
√
ωSPEP
)
if λ ≥ 0.
F SPEPk =

ρ¯a +
1
2
√
ASPEP tanh
(
k
L+1
arcsinh
√
ωSPEP
)
if λ < − ln
[
ρ¯a(1−ρ¯b)
ρ¯b(1−ρ¯a)
]
,
ρ¯a − 1
2
√
−ASPEP
tan
(
k
L+1
arcsin
√−ωSPEP) if − ln [ ρ¯a(1−ρ¯b)
ρ¯b(1−ρ¯a)
]
≤ λ < 0,
ρ¯a − 12√ASPEP tanh
(
k
L+1
arcsinh
√
ωSPEP
)
if λ ≥ 0.
(36)
We note that ASPEP and ωSPEP are negative for the intermediate range − ln
[
ρ¯a(1−ρ¯b)
ρ¯b(1−ρ¯a)
]
< λ <
0 and nonnegative otherwise. The results for ρ¯a < ρ¯b are easily obtained by a sign change
λ → −λ and an exchange of ρ¯a and ρ¯b. Using these results with (27), after some algebra
one obtains (22).
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B. Comparison with hydrodynamic results
We now compare the results of the large-N limit with the predictions of the hydrody-
namic theory. The latter has been derived in [6, 10] (for the SSEP which shares the same
hydrodynamic theory) and can also be obtained by holding λ fixed in (22) and taking the
large L limit. The expression is given by
ψSPEP(λ) =

1
L+1
arcsinh2
√
ωSPEP if ωSPEP ≥ 0,
− 1
L+1
arcsin2
√−ωSPEP if ωSPEP < 0 ,
(37)
and the convergence to it is illustrated in Fig. 2. In fact, one can show analytically that
ψSPEPL (λ)− ψSPEP(λ) =
arcsinh4
√
ωSPEP
3(L+ 1)3
+O
(
(L+ 1)−4
)
, (38)
The sign of the leading correction term indicates that the lattice structure increases the
magnitude of the current fluctuations.
To check the validity of the hydrodynamic predictions we next increase λ as λ ∼ Lζ . This
gives
lim
L→∞
ψSPEPL (λ)
ψSPEP(λ)
=

1 if ζ < 1,
4
Λ2
sinh2 Λ
2
if ζ = 1 with λ = ΛL
∞ if ζ > 1.
(39)
This indicates that, as one would naively expect, the hydrodynamic description fails for
sufficiently large currents. The threshold separating the hydrodynamic regime from the
non-hydrodynamic regime is given by λ ∼ L (see Fig. 3).
As we later show, there are other models where the predictions of the hydrodynamic
theory hold well beyond the naive expectation. To this end it is useful to see in detail
how the predictions of the hydrodynamic limit fail for the SPEP. To do this, we note that
Hamilton’s equation takes the form of
ρ˙k =
∂HSPEPL
∂ρˆk
= Jk−1,k − Jk,k+1, (40)
where Jk,k+1 is the current from box k to box k + 1. The time-averaged current J can be
13
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expressed in terms of the optimal profiles (again we drop the ∗ notation) as
J =
1
L+ 1
L∑
k=0
[
(ρk − ρk+1) + ρk(1− ρk+1)(eρˆk+1−ρˆk − 1)− ρk+1(1− ρk)(eρˆk−ρˆk+1 − 1)
]
=
ρ¯a − ρ¯b
L+ 1︸ ︷︷ ︸
=〈J〉
+
1
L+ 1
L∑
k=0
[
ρk(1− ρk+1)(eρˆk+1−ρˆk − 1)− ρk+1(1− ρk)(eρˆk−ρˆk+1 − 1)
]
︸ ︷︷ ︸
=δJ
. (41)
Since the mean value 〈J〉 always scales as 1/L, large values of J are always dominated by
the fluctuation δJ (see [45] for a similar observation). Next, note that, as shown in Fig. 4,
a large δJ is supported by a plateau of the density profile close to ρ = 1/2 and a slope of
the momentum profile which grows with λ (and hence with J). In addition, as indicated by
the data collapses in Fig. 5, the momentum profile has the scaling form
ρˆk(λ, L) ' λg(k/L). (42)
This implies that
ρˆk+1(λ, L)− ρˆk(λ, L) ' λ
L
g′(k/L) ' Lζ−1∂xg. (43)
If ζ < 1, the momentum gradient decreases with L. Then we can approximate δJ as
δJ ' Lζ−1
∫ 1
0
dx 2ρ(1− ρ)∂xg, (44)
whose integral form suggests that the current is blind to the lattice structure for any ζ < 1.
In other words, the current does not feel any difference between the case ζ = 0 (which can
be considered as proper hydrodynamic regime) and the case 0 < ζ < 1. Thus its fluctuations
show hydrodynamic behaviors in both cases. On the other hand, if ζ ≥ 1, the momentum
gradient increases with L. Then the approximate (44) becomes invalid, and the current
becomes sensitive to the lattice structure. Thus ζ = 1, which corresponds to J = O(L0) by
(41), is the threshold separating the hydrodynamic regime from the non-hydrodynamic one.
We note that this threshold is larger than what one would naively expect from the simple
argument given in Sec. I, i.e., J = O(L−1).
C. Finite-N corrections and the validity of the additivity principle
In what follows, we analyze the leading finite-N correction to the scaled CGF ψSPEPL . This
provides a useful tool for numerical corroboration of our analytical results, and confirms the
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FIG. 5. (Left) Momentum profiles at different values of λ can be collapsed by using ρˆk/λ as
the vertical axis. The other parameters are fixed at L = 100, ρ¯a = 0.8, and ρ¯b = 0.2. (Right)
Momentum profiles at different values of L can be collapsed by using k/L as the horizontal axis.
The other parameters are fixed at λ = 1, ρ¯a = 0.8, and ρ¯b = 0.2.
stability of the time-independent saddle-point profiles. The latter thus supports the validity
of the additivity principle for the SPEP.
As explained in Appendix C, one can integrate spatio-temporal fluctuations around the
saddle-point optimal solutions. This is done by using a mapping (generalizing that of
Ref. [11]) between the CGF of the system with reservoirs at generic densities ρ¯a, ρ¯b and
the CGF for reservoirs at densities 1
2
. The resulting expression is finite and analytic, which
proves that the additivity hypothesis is correct with respect to continuous phase transitions
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FIG. 6. Finite-N corrections to the scaled CGF of the SPEP at L = 3, ρ¯a = 0.8, and ρ¯b = 0.2.
The numerics (symbols) are in good agreement with the leading-order correction (dashed lines)
predicted by (46). The predicted scaling exponent is also supported by the successive slopes of
finite-N corrections in the log-log plot.
towards time-dependent profiles (which, if they had existed, would have implied an insta-
bility of ρ∗, ρˆ∗, reflected in a singularity of the correction). The saddle-point contribution
ψL(λ) to the CGF is complemented by a 1/N correction:
ψSPEPN,L (λ) = ψ
SPEP
L (λ) +N
−1ψ1,SPEPL (λ) + o(N
−1) (45)
with, denoting L′ = L+ 1,
ψ1,SPEPL (λ) =
L′−1∑
p=1
{
cλ − cos ppi
2L′
√
1
2
cλ
(
cλ + cos
ppi
L′
)− sin ppi
2L′
√
1
2
cλ
(
cλ − cos ppi
L′
)}
(46)
where we defined cλ = cosh 2 arcsinh
√
ωSPEP
L′ .
We numerically confirm our theoretical predictions by implementing a finite-N propagator
of the SPEP conditioned on a given value of λ. The eigenvalue with the largest real part
corresponds to the scaled CGF ψSPEPN,L . As shown in Fig. 6, our theory correctly predicts the
leading-order behaviors of ψSPEPN,L − ψSPEPL .
We now detail how the large-L limit (at fixed λ) of (46) matches the MFT result obtained
for the SSEP [46]. The L → ∞ limit behavior of (46) is not immediately extractable;
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following a procedure described in Appendix C, one obtains
ψ1,SPEPL (λ) =
1
8L2
F(−µ(λ)) + O(L−3). (47)
Here, with µ(λ) = arcsinh2
√
ωSPEP, we recognize the universal scaling function
F(u) = 4
∞∑
p=1
{
(ppi)2 + u− ppi
√
(ppi)2 − 2u
}
(48)
as the one also arising in MFT [46] and Bethe-Ansatz [16, 46] studies of current fluctuations.
The large-L limit (at fixed λ) thus yields the same correction as in the MFT approach [10]
for the SSEP. The universal scaling function F(u) is singular at a positive value uc = pi2/2
of its argument, but this value is never reached for any real-valued λ in (47). This confirms,
as in the MFT context, that the additivity principle holds at large L.
IV. CURRENT LARGE DEVIATIONS OF SIP
In this section, we derive the scaled CGF of the time-averaged current of the SIP in the
large-N limit. It is given by
ψSIPL (λ, ρ¯a, ρ¯b) =
(L+ 1) sin
2
(
1
L+1
arcsin
√
ωSIP
)
if ωSIP ≥ 0,
−(L+ 1) sinh2 ( 1
L+1
arcsinh
√−ωSIP) if ωSIP < 0 (49)
with the differences between SIP(1) and SIP(1 + α) encoded in
ωSIP =
ω
SIP(1) ≡ (1− e−λ) [eλρ¯a − ρ¯b + (eλ − 1)ρ¯aρ¯b] for SIP(1).
ωSIP(1+α) ≡ λρa − λρb + λ2ρaρb for SIP(1 + α).
(50)
Again, one can easily verify that ψSIPL does not have any singularity at ωSIP = 0. A compar-
ison of this result with the hydrodynamic theory shows that for both SIP(1) and SIP(1 +α)
arbitrarily large current fluctuations are still correctly captured by the hydrodynamic theory,
in contrast to the SPEP. We close the section with a discussion of finite-N effects.
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A. Derivation of the scaled CGF
1. SIP(1)
Similarly to the SPEP, we first transform HSIP(1)L into a more convenient form. This is
done by the canonical transformation
ρk = Fk
[
1 + (1 + Fk)Fˆk
]
, ρˆk = ln
(
1 +
Fˆk
1 + FkFˆk
)
, (51)
which can also be written as
Fk =
ρk
eρˆk(1 + ρk)− ρk , Fˆk = (e
ρˆk − 1)(1 + ρk)− (1− e−ρˆk)ρk. (52)
After this transformation, the Hamiltonian of the new variables is given by
K
SIP(1)
L (λ, ρ¯a, ρ¯b;F, Fˆ) =
L−1∑
k=1
[
(Fˆk+1 − Fˆk)(Fk − Fk+1) + FˆkFˆk+1(Fk − Fk+1)2
]
+ Fˆ1(ρ¯a − F1)
+ e−λ
[
FˆL − (eλ − 1)(1 + FLFˆL)
][
ρ¯b − FL − FL(1 + ρ¯b)(eλ − 1)
]
.
(53)
Comparing this expression with (26), we find the formal correspondence
K
SIP(1)
L (λ, ρ¯a, ρ¯b;F, Fˆ) = −KSPEPL (λ,−ρ¯a,−ρ¯b;−F, Fˆ). (54)
By examining the time-independent saddle-point equations derived from these Hamiltonians,
we find a mapping between the optimal profiles of the SPEP and the SIP(1):
(Fˆ ∗k )
SIP(1)(λ, ρ¯a, ρ¯b) = (Fˆ
∗
k )
SPEP(λ,−ρ¯a,−ρ¯b),
(F ∗k )
SIP(1)(λ, ρ¯a, ρ¯b) = −(F ∗k )SPEP(λ,−ρ¯a,−ρ¯b). (55)
This mapping can be used to obtain the optimal profiles and the scaled CGF of the SIP(1)
from those of the SPEP. It should be noted that, when ρ¯a and ρ¯b are negative, we should
reconsider the proper signs of A and ε in the optimal profiles of the SPEP. In this case, the
optimal density profile ρ∗ must always be nonpositive, so that it becomes nonnegative after
the mapping to the SIP(1). Taking this into account, for ρ¯a ≥ ρ¯b, the optimal profiles are
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given by (dropping ∗)
Fˆ
SIP(1)
k =

−
√
ASIP(1) sin
(
2k
L+1
arcsin
√
ωSIP(1)
)
if − ln
(
1 + 1
ρb
)
< λ < − ln
[
ρ¯a(1+ρ¯b)
ρ¯b(1+ρ¯a)
]
,
−
√
−ASIP(1) sinh
(
2k
L+1
arcsinh
√−ωSIP(1)
)
if − ln
[
ρ¯a(1+ρ¯b)
ρ¯b(1+ρ¯a)
]
≤ λ < 0,
√
ASIP(1) sin
(
2k
L+1
arcsin
√
ωSIP(1)
)
if 0 ≤ λ < ln
(
1 + 1
ρa
)
,
F
SIP(1)
k =

ρ¯a +
1
2
√
ASIP(1) tan
(
k
L+1
arcsin
√
ωSIP(1)
)
if − ln
(
1 + 1
ρb
)
< λ < − ln
[
ρ¯a(1+ρ¯b)
ρ¯b(1+ρ¯a)
]
,
ρ¯a − 1
2
√
−ASIP(1)
tanh
(
k
L+1
arcsinh
√−ωSIP(1)
)
if − ln
[
ρ¯a(1+ρ¯b)
ρ¯b(1+ρ¯a)
]
≤ λ < 0,
ρ¯a − 1
2
√
ASIP(1) tan
(
k
L+1
arcsin
√
ωSIP(1)
)
if 0 ≤ λ < ln
(
1 + 1
ρa
)
,
(56)
where we defined
ASIP(1)(λ, ρ¯a, ρ¯b) ≡ −ASPEP(λ,−ρ¯a,−ρ¯b)
=
(eλ − 1)[eλ(ρ¯b + 1)− ρ¯b]
4[1− (eλ − 1)ρ¯a][eλρ¯a(ρ¯b + 1)− ρ¯aρ¯b − ρ¯b] , (57)
ωSIP(1)(λ, ρ¯a, ρ¯b) ≡ −ωSPEP(λ,−ρ¯a,−ρ¯b). (58)
Note that this definition of ωSIP(1) yields (50). The expressions for ρ¯a < ρ¯b are obtained by
λ→ −λ and an exchange of ρ¯a and ρ¯b.
Finally, due to (54) and (55), the scaled CGFs of the SPEP and the SIP(1) are related
by
ψ
SIP(1)
L (λ, ρ¯a, ρ¯b) = −ψSPEPL (λ,−ρ¯a,−ρ¯b) , (59)
from which it is straightforward to derive (49).
Remarkably, the SIP(1) has a finite range of λ, whereas the SPEP has an unbounded
range of λ. This is related to the fact that the domain of arcsin is limited to [−1, 1], while
that of arcsinh is unlimited. As will be discussed later, the limited range of λ is closely related
to the persistence of hydrodynamic behaviors for extreme current fluctuations. Meanwhile,
it should be noted that the limited range of λ does not imply a limited range of the current
being considered. The time-averaged current J conditioned on λ, obtained from ∂ψSIP(1)L /∂λ,
still ranges from −∞ to ∞ for both SPEP and SIP(1). In fact, using standard Legendre
transform arguments it is easy to check that the limited range of definition of the CGF
ψ
SIP(1)
L (λ) corresponds to exponential tails of the current distribution function.
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2. SIP(1 + α)
We now turn to the case of SIP(1 + α). Again, the Hamiltonian, given by (20), can be
simplified by a canonical transformation
ρk = Fk(1 + FkFˆk), ρˆk =
Fˆk
1 + FkFˆk
(60)
or
Fk =
ρk
1 + ρkρˆk
, Fˆk = ρˆk(1 + ρkρˆk), (61)
which was also used in [32] in the context of the equivalent KMP model. This transforms
the Hamiltonian into
K
SIP(1+α)
L (λ, ρ¯a, ρ¯b;F, Fˆ) =
L−1∑
k=1
[
(Fˆk+1 − Fˆk)(Fk − Fk+1) + FˆkFˆk+1(Fk − Fk+1)2
]
+ Fˆ1(ρ¯a − F1)
+
[
FˆL − λ(1 + FLFˆL)
][
ρ¯b − FL − ρ¯bλFL
]
. (62)
A comparison between this expression and (53) shows
K
SIP(1+α)
L (λ, ρ¯a, ρ¯b;F, Fˆ) = lim
N→∞
K
SIP(1)
L (N
−αλ,Nαρ¯a, Nαρ¯b;NαF, N−αFˆ). (63)
The time-independent saddle-point equations of these Hamiltonians show that the optimal
profiles of the SIP(1) and the SIP(1 + α) are related by (again dropping ∗)
(Fˆk)
SIP(1+α)(λ, ρ¯a, ρ¯b) = lim
N→∞
Nα(Fˆk)
SIP(1)(N−αλ,Nαρ¯a, Nαρ¯b),
(Fk)
SIP(1+α)(λ, ρ¯a, ρ¯b) = lim
N→∞
N−α(Fk)SIP(1)(N−αλ,Nαρ¯a, Nαρ¯b). (64)
Therefore, for ρ¯a ≥ ρ¯b the optimal profiles are obtained as
Fˆ
SIP(1+α)
k =

−
√
ASIP(1+α) sin
(
2k
L+1
arcsin
√
ωSIP(1+α)
)
if − 1
ρ¯b
< λ < 1
ρ¯a
− 1
ρ¯b
,
−
√
−ASIP(1+α) sinh
(
2k
L+1
arcsinh
√−ωSIP(1+α)
)
if 1
ρ¯a
− 1
ρ¯b
≤ λ < 0,
√
ASIP(1+α) sin
(
2k
L+1
arcsin
√
ωSIP(1+α)
)
if 0 ≤ λ < 1
ρ¯a
,
F
SIP(1+α)
k =

ρ¯a +
1
2
√
ASIP(1+α) tan
(
k
L+1
arcsin
√
ωSIP(1+α)
)
if − 1
ρ¯b
< λ < 1
ρ¯a
− 1
ρ¯b
,
ρ¯a − 1
2
√
−ASIP(1+α)
tanh
(
k
L+1
arcsinh
√−ωSIP(1+α)
)
if 1
ρ¯a
− 1
ρ¯b
≤ λ < 0,
ρ¯a − 1
2
√
ASIP(1+α) tan
(
k
L+1
arcsin
√
ωSIP(1+α)
)
if 0 ≤ λ < 1
ρ¯a
,
(65)
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where we defined
ASIP(1+α)(λ, ρ¯a, ρ¯b) ≡ lim
N→∞
N2αASIP(1)(N−αλ,Nαρ¯a, Nαρ¯b)
=
λ(1 + λρb)
4(1− λρa)(ρa − ρb + λρaρb) , (66)
ωSIP(1+α) ≡ lim
N→∞
ωSIP(1)(N−αλ,Nαρ¯a, Nαρ¯b). (67)
Note that this definition of ωSIP(1+α) leads to (50).
Using (63) and (64), the scaled CGFs of the SIP(1) and the SIP(1 + α) are related by
ψ
SIP(1+α)
L (λ, ρ¯a, ρ¯b) = lim
N→∞
ψ
SIP(1)
L (N
−αλ,Nαρ¯a, Nαρ¯b), (68)
which gives (49). As in the case of the SIP(1), SIP(1 + α) also has a finite range of λ,
although the range of the current J is unbounded.
B. Comparison with hydrodynamic results
For both SIP(1) and SIP(1 + α), in the L → ∞ limit, the hydrodynamic expression of
the scaled CGF can be written in a similar form
ψSIP(λ) =

1
L+1
arcsin2
√
ωSIP if ωSIP ≥ 0,
− 1
L+1
arcsinh2
√−ωSIP if ωSIP < 0,
(69)
where we used the superscript SIP to refer to both large-N models. This expression is in
agreement with the corresponding expression for the KMP model found in [10]. When λ is
fixed, the hydrodynamic limit is reached by
ψSIPL (λ)− ψSIP(λ) = −
arcsin4
√
ωSIP
3L3
+O(L−4), (70)
as illustrated in Fig. 7. In contrast to the SPEP, the lattice structure decreases the magnitude
of fluctuations. Since the range of λ is bounded and the two CGFs converge to each other
throughout this range, we cannot find any scaling of λ with L that induces non-hydrodynamic
current fluctuations.
In order to understand why hydrodynamic behaviors are still observed for arbitrarily
large current fluctuations, we examine the optimal profiles of the SIP(1) as was done for
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FIG. 8. The optimal profiles of the SIP(1) for L = 100, ρ¯a = 0.8, ρ¯b = 0.2. As ∆λ = λ − λmin
approaches zero, (left) the density profile develops an arbitrarily large crest, while (right) the
momentum profile becomes flatter.
the SPEP. Using the same argument applied to the SPEP, the time-averaged current J of
SIP(1) can be related to the optimal profiles by
J =
1
L+ 1
L∑
k=0
[
(ρk − ρk+1) + ρk(1 + ρk+1)(eρˆk+1−ρˆk − 1)− ρk+1(1 + ρk)(eρˆk−ρˆk+1 − 1)
]
=
ρ¯a − ρ¯b
L+ 1︸ ︷︷ ︸
=〈J〉
+
1
L+ 1
L∑
k=0
[
ρk(1 + ρk+1)(e
ρˆk+1−ρˆk − 1)− ρk+1(1 + ρk)(eρˆk−ρˆk+1 − 1)
]
︸ ︷︷ ︸
=δJ
, (71)
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FIG. 9. The data collapses of optimal profiles of the SIP(1). The boundary conditions are given
by ρ¯a = 0.8 and ρ¯b = 0.2. We fix L = 100 (λ = 1) while λ (L) is varied.
where δJ becomes dominant as λ approaches its upper and lower bounds
λmax = ln
(
1 +
1
ρa
)
, λmin = − ln
(
1 +
1
ρb
)
. (72)
For convenience, let us denote by ∆λ both |λ − λmin| and |λ − λmax|. As shown in Fig. 8,
a large δJ is supported by a growing density crest and a flattening momentum profile as
∆λ → 0. As the data collapses in Fig. 9 indicate, as L → ∞, the optimal profiles have
scaling forms
ρk(∆λ, L) = ∆λ
−1/2f(k/L),
ρˆk(∆λ, L) = ∆λ
1/2g(k/L). (73)
These imply that we can approximate δJ as
δJ ' 1
L+ 1
L∑
k=0
[ρk(1 + ρk+1) + ρk+1(1 + ρk)](ρˆk+1 − ρˆk)
' 1
∆λ1/2L
∫ 1
0
dx 2ρ(1 + ρ)∂xg, (74)
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which has an integral form for any small ∆λ corresponding to large J . Thus, J exhibits
hydrodynamic behaviors for arbitrarily large J . An almost identical argument also applies
to the SIP(1+α), whose optimal profiles have similar shapes and satisfy the scaling relation
(73).
C. Finite-N effects
1. SIP(1)
From (10) and (18), we observe that the Hamiltonians of the SPEP and the SIP(1) are
related by
H
SIP(1)
L (λ, ρ¯a, ρ¯b;ρ, ρˆ) = −HSPEPL (λ,−ρ¯a,−ρ¯b;−ρ, ρˆ). (75)
This suggests that the leading finite-N correction to the scaled CGF ψSIP(1)L can be obtained
by a Gaussian approximation very similarly to the one applied to the SPEP in Sec. III C.
Consequently, the leading finite-N correction is described by analogs of (45) and (46), namely
ψ
SIP(1)
N,L (λ) = ψ
SIP(1)
L (λ) +N
−1ψ1,SIP(1)L (λ) + o(N
−1) (76)
with
ψ
1,SIP(1)
L (λ, ρ¯a, ρ¯b) = −ψ1,SPEPL (λ,−ρ¯a,−ρ¯b)
= −
L′−1∑
p=1
{
cλ − cos ppi
2L′
√
1
2
cλ
(
cλ + cos
ppi
L′
)− sin ppi
2L′
√
1
2
cλ
(
cλ − cos ppi
L′
)}
,
(77)
where cλ = cos 2 arcsin
√
ωSIP(1)
L+1
. The correction is again an analytic function of λ within its
domain, which proves the validity of the additivity principle with respect to continuous
transitions, without ruling out possible discontinuous ones.
In the large-L limit, using (47) and the first equality of (77), we can also write
ψ
1,SIP(1)
L (λ) = −
1
8L2
F(ν(λ)) + O(L−3), (78)
with F(u) the universal scaling function defined in (48) and ν(λ) = arcsin2
√
ωSIP(1). While
F(u) is singular at uc = pi2/2, ν(λ) cannot be greater than pi2/4 for any real-valued λ in
(78). This also confirms the validity of the additivity principle with respect to continuous
transitions at large L.
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2. SIP(1 + α)
Unlike the previous models, the leading finite-N correction to ψSIP(1+α)L comes from a
different origin. For this model, if we keep the leading finite-N correction, the path integral
in (9) can be rewritten as
eNTψ
SIP(1+α)
N,L =
∫
DρDρˆ exp
{
−N
∫ T
0
dt
[
ρˆ · ρ˙−HSIP(1+α)L −N−αV SIP(1+α)L
]}
, (79)
where
V
SIP(1+α)
L (λ, ρ¯a, ρ¯b;ρ, ρˆ) =
L−1∑
k=1
ρk + ρk+1
2
(ρˆk+1− ρˆk)2 + ρ¯a + ρ1
2
ρˆ21 +
ρ¯b + ρL
2
(ρˆL−λ)2. (80)
Applying a saddle-point approximation as before, we obtain
ψ
SIP(1+α)
N,L (λ) = ψ
SIP(1+α)
L (λ) +N
−αψ1,SIP(1+α)L (λ) + o(N
−α) (81)
with
ψ
1,SIP(1+α)
L (λ) = V
SIP(1+α)
L (λ;ρ
∗, ρˆ∗), (82)
where ρ∗ and ρˆ∗ are the optimal profiles determined in Sec. IVA.
3. Numerical results
We numerically confirm our theoretical predictions by constructing a matrix represen-
tation of the SIP conditioned on λ. Since it is impossible to implement the unbounded
configuration space of this model, we introduce an artificial upper bound M on the number
of particles in each site. The matrix representation is such that any transition that violates
this upper bound is forbidden, while the other transitions occur with the same rates as the
original dynamics. We expect that if M is sufficiently large, the effects of M become irrele-
vant. The results for SIP(1) and SIP(1.5) shown in Fig. 10 are both in agreement with our
predictions.
V. CRITERION FOR PERSISTENT HYDRODYNAMIC BEHAVIORS
We have shown that current fluctuations of the SPEP have a non-hydrodynamic regime,
while those of the SIP always behave according to the predictions of the hydrodynamic
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FIG. 10. Finite-N corrections to the scaled CGF of (left) the SIP(1) and (right) the SIP(1.5) at
L = 3, ρ¯a = 0.08, and ρ¯b = 0.02. The upper cutoff M is set equal to 16. The numerics (symbols)
are in good agreement with the leading-order corrections (dashed lines) given by (77) and (82).
The predicted scaling exponents are also supported by the successive slopes of finite-N corrections
in the log-log plots.
equations. As noted in Sec. II, one important difference between the SPEP and the SIP lies
in whether the mobility coefficient σ(ρ) is bounded from above. This suggests a connection
between the presence of an upper bound on σ(ρ) and hydrodynamic behaviors of current
fluctuations. In order to investigate this connection, we examine how the optimal profiles
depend on the time-averaged current J within the naive hydrodynamic regime given by
J = O(L−1). An extrapolation of this dependence beyond the regime (i.e., J larger than
O(L−1)) reveals whether non-hydrodynamic behaviors appear for sufficiently large J .
In the hydrodynamic limit, from Hamilton’s equations we have
∂ρ
∂t
=
δH
δρ
= ∂x [D(ρ)∂xρ− σ(ρ)∂xρˆ] (83)
with H given by (15). This gives a relation between J and the optimal profiles through
J =
1
L+ 1
∫ 1
0
dx [−D(ρ∗)∂xρ∗ + σ(ρ∗)∂xρˆ∗] = G(ρ¯a)−G(ρ¯b)
L+ 1
+
1
L+ 1
∫ 1
0
dx [σ(ρ∗)∂xρˆ∗] ,
(84)
where D(ρ) = G′(ρ). Then, as long as G(ρ¯a) and G(ρ¯b) are finite, J beyond the naive
hydrodynamic regime satisfies
J ' 1
L+ 1
∫ 1
0
dx [σ(ρ∗)∂xρˆ∗] . (85)
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In other words, in this regime J is sensitive only to σ(ρ∗) and ∂xρˆ∗.
Note that when σ(ρ) is bounded from above, an arbitrarily large J can only be supported
by an arbitrarily large ∂xρˆ∗. This means that ∂xρˆ∗ can no longer be expressed as a proper
gradient for a sufficiently large J , in which case J exhibits non-hydrodynamic behaviors,
as was the case for the SPEP. Hence, the absence of an upper bound on σ(ρ) is clearly a
necessary condition for the persistence of hydrodynamic behaviors.
When σ(ρ) is not bounded from above, a large J can be supported by a large σ(ρ∗)
while ∂xρˆ∗ remains well defined, so that J is still blind to the lattice structure. Based on
this possible scenario, we conjecture that the absence of an upper bound on σ(ρ) is also
a sufficient condition for the persistence of hydrodynamic behaviors. Although there is
no rigorous proof yet, we can confirm this conjecture for the one-dimensional symmetric
zero-range process, which provides a simple example of boundary-driven systems with non-
constant D(ρ) and unbounded σ(ρ). An interested reader is referred to Appendix D for
more discussions on this model.
VI. CONCLUSIONS
In this paper we introduced a class of large-N models for one-dimensional boundary-
driven diffusive systems. Using N as a large parameter, we were able to obtain exact
expressions for current large deviations on a finite lattice, without relying on a hydrodynamic
approach. This allowed us to look at regimes where the hydrodynamic theory is naively
expected to break down. Surprisingly, we found that there are classes of models, which we
conjecture to be those with an unbounded σ(ρ) as a function of ρ, where the predictions of the
hydrodynamic theory always hold. It will be interesting to see if similar considerations also
hold for models with a bulk bias and/or for large deviations of other additive observables,
such as the activity.
In addition, we examined the finite-N corrections and used them to argue that the addi-
tivity principle, assumed throughout the paper, is likely to hold for the models considered.
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Appendix A: Current fluctuations in the hydrodynamic limit
The limited range of current fluctuations in the hydrodynamic limit, that we discuss in
the Introduction, can also be seen from an argument more directly based on the MFT. The
scaled CGF ψ(λ) for current fluctuations is defined by
eTmicroψ(λ) =
〈
eλTmicroJ
〉
, (A1)
where J is the mean current across a certain cross-section of the system averaged over a
microscopic time interval t ∈ [0, Tmicro]. In the hydrodynamic limit, this expression can be
written in a path integral form
〈
eλTmicroJ
〉
=
∫
DρDρˆ e−`
∫ T
0 dtL[λ;ρ,ρˆ], (A2)
where T = Tmicro/`2 is the length of the time interval on a macroscopic scale. For ` 1, we
can apply a saddle-point approximation to obtain
ψ(λ) = − 1
T`
inf
ρ,ρˆ
∫ T
0
dtL[λ; ρ, ρˆ]. (A3)
The minimum action always has the form
inf
ρ,ρˆ
∫ T
0
dtL[λ; ρ, ρˆ] = −Tf(λ), (A4)
from which we obtain
ψ(λ) = `−1f(λ). (A5)
Note that the Lagrange multiplier λ and the conjugate current J are related by
J = ψ′(λ) = `−1f ′(λ). (A6)
Thus we recover the conclusion that O(`−1) current fluctuations belong to the hydrodynamic
regime.
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Appendix B: Path Integral representation of the CGF
These statistics of the current are encoded in the scaled cumulant generating function
(CGF) ψL, which is defined by
eNTψL(λ,ρ¯a,ρ¯b) =
〈
eNλTJ
〉
=
〈
eN
−αλ
∑
s IL,L+1(ts)
〉
. (B1)
Note that in the last step we divided the time interval [0, T ] intoM infinitesimal subintervals
of length ∆t, so that ts = s∆t for s = 1, 2, . . . , M , and T = M∆t. We also introduced the
notation
Ik,k+1(ts) =

+1 if a particle hops from k to k + 1 at t ∈ [ts, ts+1]
−1 if a particle hops from k + 1 to k at t ∈ [ts, ts+1]
0 otherwise
(B2)
for 0 ≤ s ≤M − 1.
From (B1), the scaled CGF can be expressed in a path integral form
eNTψL(λ) =
〈∫ ∏
s, k
[
dρk(ts) δ
(
ρk(ts+1)− ρk(ts)− Ik−1,k(ts)− Ik,k+1(ts)
N1+α
)]
eN
−αλIL,L+1(ts)
〉
=
∫ ∏
s
〈
L∏
k=1
[
dρk(ts)dρˆk(ts) e
−Nρˆk(ts)
(
ρk(ts+1)−ρk(ts)−
Ik−1,k(ts)−Ik,k+1(ts)
N1+α
)]
eN
−αλIL,L+1(ts)
〉
I(ts)
,
(B3)
which has the standard Martin–Siggia–Rose (MSR) form [47] with auxiliary field variables
ρˆ1, ρˆ2, . . . , ρˆL.
I(ts) = (I0,1(ts), . . . , Ik,k+1(ts), . . . , IL,L+1(ts)) represents a hopping event within the time
interval [ts, ts+1]. The probability distribution of I(ts) is given by
I(ts) =

(0, . . . , 0, Ik,k+1 = 1, 0, . . . , 0) with prob. nk(N ∓ nk+1)∆tN ,
(0, . . . , 0, Ik,k+1 = −1, 0, . . . , 0) with prob. nk+1(N ∓ nk)∆tN ,
(0, 0, . . . , 0) with prob. 1−∑k [N(nk + nk+1)∓ 2nknk+1] ∆tN ,
(B4)
where k is any integer between 0 and L + 1, and the upper (lower) rates correspond to
the SPEP (SIP). Choosing an appropriate value of the scaling exponent α, we can evaluate
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the average 〈·〉I(ts) (see [48] for a general description of this procedure) and single out the
leading-order component to obtain
eNTψL(λ) =
∫
DρDρˆ exp
{
−N
∫ T
0
dt [ρˆ · ρ˙−HL(λ;ρ, ρˆ)]
}
, (B5)
where the function HL contains all information about the dynamics. Note that the same
result can also be derived by a different path-integral construction using SU(2) (for SPEP) or
SU(1, 1) (for SIP) coherent states, extending the one proposed in [32] to the case of current
large deviations.
Appendix C: Finite-N corrections to the CGF for the SPEP arising from space-time
fluctuations
In this Appendix, we derive the leading finite-N corrections to the CGF for the SPEP
that we obtained in Sec. IIIA by a large-N saddle-point approach. This analysis generalizes
the MFT results [10] to the case of the lattice SPEP with finite L and also allows us to
discard the existence of a continuous phase transition in the CGF as λ is varied, thus (par-
tially) supporting the validity of the additivity principle for the SPEP. To avoid cumbersome
expressions, in the following we drop the superscript SPEP.
1. Mapping to reservoirs at half densities
Determining the finite-N corrections in principle amounts to integrating the quadratic
fluctuations around the saddle-point solutions shown in (36). This is however rendered
difficult by the nontrivial dependence of those solutions on the spatial index k of the lattice.
To bypass this issue, we generalize the approach presented in [11]: we map the CGF (taken
at λ) of a system in contact with reservoirs at densities ρ¯a and ρ¯b to the CGF of a system
in contact with reservoirs at same densities 1
2
, but taken at a different value of λ:
ψN,L(λ, ρ¯a, ρ¯b) = ψN,L
(
λ = 2 arcsinh
√
ω, ρ¯a =
1
2
, ρ¯b =
1
2
)
(C1)
This result arises from the SU(2) symmetry of the generating operator, whose eigenvalue of
maximal real part yields the CGF: (i) the bulk part of this operator is left invariant by a
SU(2) rotation as in [11], but with spin N
2
instead of spin 1
2
; (ii) the terms describing the
contact with reservoirs are affected by the rotation and yield (C1) for a well-chosen rotation.
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The main advantage of this transformation is that at half densities ρ¯a = ρ¯b = 12 , the
saddle-point solutions shown in (36) take a simple form: one has
Fˆ ∗k = sinh
λk
L+ 1
, F ∗k =
1
2
− 1
2
tanh
λk
2(L+ 1)
. (C2)
In terms of the original variables ρ∗ and ρˆ∗, the canonical transformation of (24) gives
ρ∗k =
1
2
, ρˆ∗k = λ
k
L+ 1
, (C3)
which shows that the optimal density profile is flat, while the optimal momentum profile is
linear. We note that the same behavior was also observed in the hydrodynamic limit [6].
2. Small space-time fluctuations around saddle-point:
We thus first focus on the half-density case. One looks for a space-time perturbation
around the saddle-point solutions of the form
ρk(t) = ρ
∗
k +N
− 1
2φk(t), ρˆk(t) = ρˆ
∗
k +N
− 1
2 φˆk(t), (C4)
with φk(t) and φˆk(t) of order N0. The prefactor N−
1
2 is chosen so that when substitut-
ing (C4) into the action for ρ, ρˆ the temporal contribution to the action is − ∫ T
0
dt φˆ · ∂tφ,
whose absence of prefactor facilitates further analysis. Expanding in powers of N , the total
Hamiltonian (10) decomposes as
HL(λ;ρ, ρˆ) = H
saddle
λ︸ ︷︷ ︸
order N0
+Hfluctλ (φ, φˆ)︸ ︷︷ ︸
order N−1
+ higher order terms, (C5)
with
Hsaddleλ = HL(λ;ρ
∗, ρˆ∗) = (L+ 1) sinh2
λ
2(L+ 1)
(C6)
yielding the dominant contribution ψL(λ) to the full CGF ψN,L. Meanwhile, Hfluctλ (φ, φˆ)
has a quadratic form
Hfluctλ (φ, φˆ) = N
−1( φ
φˆ
)TA ( φ
φˆ
)
, (C7)
where A is a symmetric 2L× 2L matrix defined by block structure
A =
A11 A12
A21 A22
 (C8)
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with the Aij’s symmetric L× L matrices
A11 = 2
(
1
2
∆ + 1
)
(1− cosh λ
L+ 1
) (C9)
A12 = A21 = 12∆ cosh
λ
L+ 1
(C10)
A22 = −12A12 = −14∆ cosh
λ
L+ 1
. (C11)
Here the L× L matrix ∆ is the discrete Laplacian (with open boundaries)
∆ =

−2 1 0 . . . 0
1 −2 1 0 . . . 0
0
. . . . . . . . . . . . 0
0
. . . . . . . . . . . . 0
0 . . . 0 1 −2 1
0 . . . 0 1 −2

. (C12)
The eigenvalues of ∆ are
∆p = −4 cos2 ppi
2(L+ 1)
, 1 ≤ p ≤ L, (C13)
with corresponding orthonormal eigenvectors
Vp =
√
2
L+1
(
sin
(L+ 1− p)kpi
L+ 1
)
1≤k≤L
. (C14)
3. Corrections due to “quantum fluctuations”: mapping to independent bosons
At the quadratic order, one has
eNTψN,L(λ) ' eNTHsaddleλ
∫
DφDφˆ e−
∫ T
0 dt
[
φˆ·∂tφ−NHfluctλ (φ,φˆ)
]
. (C15)
To compute the path integral and evaluate the so-called “quantum fluctuations”, one can
regard (C15) as a coherent-state path integral of a bosonic harmonic oscillator, whose ground
state becomes dominant in the large T limit. This leads to
ψN,L(λ) = ψL(λ)−N−1 min SpHλ + o(N−1). (C16)
The operator Hλ is such that its coherent-state path integral is given by (C7); thus, it can
be written in the form
−Hλ = aTA11a+ 2a†TA12a+ a†TA22a†, (C17)
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where the operators a1, . . . , aL are bosonic annihilation operators and a†1, . . . , a
†
L are their
creation counterparts, with [ai, a†j] = δij. We remark that choosing a scaling other than N−
1
2
for the fluctuations in (C4) would leave the result (C16-C17) unchanged (the only important
aspect being that the exponent is negative, allowing for a perturbation expansion).
The eigenvectors (C14) define an orthonormal matrix O which renders the modes inde-
pendent. Using
O∆OT = Diag(∆1, . . . ,∆L) ≡ ∆˜, (C18)
one obtains
−Hλ = aTOTOA11OTOa+ . . . (C19)
= bT A˜11b+ 2b†T A˜12b+ b†T A˜22b†, (C20)
where b = Oa are new bosonic annihilation operators, and A˜ consists of four blocks as
in (C8), with each block A˜ij being a symmetric L× L matrix given by
A˜11 = 2
(
1
2
∆˜ + 1
)
(1− cosh λ
L+ 1
), (C21)
A˜12 = A˜21 = 12∆˜ cosh
λ
L+ 1
, (C22)
A˜22 = −12A˜12 = −14∆˜ cosh
λ
L+ 1
. (C23)
Because each A˜ij is diagonal, the operator Hλ can be written as a sum of independent
single-boson operators
Hλ =
L∑
p=1
H
(p)
λ , (C24)
H
(p)
λ = −2
(
1
2
∆p + 1
)
(1− cosh λ
L+ 1
)︸ ︷︷ ︸
≡Xp
b2p−∆p cosh
λ
L+ 1︸ ︷︷ ︸
≡2Zp
b†pbp +
1
4
∆p cosh
λ
L+ 1︸ ︷︷ ︸
≡Yp
(
b†p
)2
.
(C25)
Besides (e.g., through a generalized Bogoliubov transform), one finds that the ground state
of every H(p)λ = Xpb
2
p + 2Zpb
†
pbp + Yp
(
b†p
)2 (seen as a harmonic oscillator) is given by:
min SpH
(p)
λ =
√
Z2p −XpYp − Zp. (C26)
We finally obtain the result for ρ¯a = ρ¯b = 12 . Denoting cλ = cosh
λ
L+1
, the correction
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ψ1L(λ) in (45) due to space-time fluctuations reads
ψ1L(λ) = −min SpHλ (C27)
= −
L∑
p=1
min SpH
(p)
λ (C28)
= −
L∑
p=1
{
cos
ppi
2(L+ 1)
√
2cλ
(
cλ + cos
ppi
L+ 1
)− 2cλ cos2 ppi
2(L+ 1)
}
(C29)
For generic reservoir densities ρ¯a and ρ¯b, one can use the mapping (C1) to find that the
correction term still takes the form of (C29), but now with
cλ = cosh
2 arcsinh
√
ω
L+ 1
. (C30)
Averaging the p-th and (L+ 1− p)-th terms, the sum (C29) can be symmetrized as
ψ1L(λ) =
L′−1∑
p=1
{
cλ − cos ppi
2L′
√
1
2
cλ
(
cλ + cos
ppi
L′
)− sin ppi
2L′
√
1
2
cλ
(
cλ − cos ppi
L′
)}
︸ ︷︷ ︸
≡ΣL′ (p)
, (C31)
where we used a notation L′ = L + 1. This is our final result for the leading finite-N
correction to the CGF ψL(λ).
One checks that this expression is an analytic function of λ at all system size L, indicating
that the optimal profiles ρ∗, ρˆ∗ are stable with respect to any small perturbations in space
and time. This is consistent with the hypothesis of additivity that we assumed to derive
ρ∗, ρˆ∗, but there is still the possibility of discontinuous transitions (which, if they exist, can
also be ruled out provided that they have a spinodal).
Taking the large L limit is not straightforward because (i) the summand ΣL′(p) in (C31)
exhibits different scaling with L depending on the value of p, and (ii) the range of p itself
depends on L. In particular, the sum cannot be approximated by a Riemann integral because
the summand ΣL′(p), seen as function of a continuous variable p ∈ (0, L′), is not an analytic
function. In fact, (C31) remains a discrete sum even in the large-L limit, as we now explain.
We first note that for L′ even, ΣL′(L′/2) = 0. For any L′, thanks to the symmetry
ΣL′(p) = ΣL′(L
′ − p), one can thus restrict the sum as follows:
ψ1L(λ) = 2
bL′/2c∑
p=1
ΣL′(p) (C32)
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At fixed λ, the leading-order term in L′ →∞ gives (provided 1 ≤ p ≤ bL′/2c)
ΣL′(p) =
1
L′2
1
4
{
(ppi)2 − µ(λ)− ppi
√
(ppi)2 + 2µ(λ)
}
+ O(L−3), (C33)
with µ(λ) = arcsinh2
√
ω. Then, using the Euler-Maclaurin summation formula to control
the rest (i.e., the terms with p > L′/2), one finds
ψ1L(λ) =
1
2L2
∞∑
p=1
{
(ppi)2 − µ(λ)− ppi
√
(ppi)2 + 2µ(λ)
}
+ O(L−3) (C34)
=
1
8L2
F(−µ(λ)) + O(L−3), (C35)
where we recognize the universal scaling function
F(u) = 4
∞∑
p=1
{
(ppi)2 + u− ppi
√
(ppi)2 − 2u
}
(C36)
appearing in MFT and Bethe-Ansatz studies of current fluctuations [16, 46]. The large-L
limit (at fixed λ) thus yields the same correction (C34) as does the MFT approach [10] for
the SSEP. The finite-L result (C31) however allows one to study large deviations regimes
with λ increasing as a function of L, which are not described by (C34).
Another illustration is obtained by a direct expansion of the full result (C29) in powers
of λ at finite L′. A direct summation on p then yields (focusing without loss of generality
on the case ρ¯a = ρ¯b = 12)
ψ1L(λ, ρ¯a = ρ¯b =
1
2
) =
[
1
3L′4
− 1
2L′3
+
1
6L′2
]
λ4
16
+
[
1
5L′6
− 1
2L′5
+
1
3L′4
− 1
30L′2
]
λ6
96
+
[
25
168L′8
+
9
80L′7
+
3
20L′6
− 11
80L′4
+
1
42L′2
]
λ8
1152
+O(λ10). (C37)
The dominant terms, of order 1/L′2, correspond as expected to the expansion in powers
of λ of the large-L result (C34). The other terms are the one provided at finite L by
the full expression (C31). We note that if one scales λ with L as λ ∼ Lζ (ζ > 0), the
expansion (C37) remains well defined only for ζ < 1. For ζ ≥ 1 there is thus a change of
regime, as also occurs for the saddle-point contribution ψL(λ) to the full CGF ψN,L(λ) (see
the corresponding discussion of the hydrodynamic behavior in Sec. III B).
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Appendix D: Symmetric zero-range process
As a simple example supporting our conjecture on the relation between unbounded σ(ρ)
and hydrodynamic behaviors of current large deviations, we examine the symmetric zero-
range process (ZRP) on an open one-dimensional system. In this model, a particle hops
between neighboring sites at a rate u(nk) that depends only on the number of particles nk
at the site of departure. More precisely, the bulk dynamics are given by
(nk, nl)
u(nk)−−−→ (nk − 1, nl + 1) for l = k ± 1 with k = 2, . . . , L− 1, (D1)
while the boundary dynamics are given by
n1
α−→ n1 + 1, n1 γu(n1)−−−−→ n1 − 1,
nL
δ−→ n1 + 1, nL βu(nL)−−−−→ nL − 1. (D2)
It can be shown [22, 23, 49] that the hydrodynamic behaviors of the model are characterized
by boundary conditions
z¯a ≡ z(ρ¯a) = α
γ
, z¯b ≡= z(ρ¯b) = δ
β
, (D3)
and transport coefficients
D(ρ) = z′(ρ), σ(ρ) = 2z(ρ), (D4)
where the fugacity z(ρ) is an increasing function of the particle density ρ (see [50], for
example). We assume that z(ρ) is not bounded from above; otherwise, a condensation
transition occurs for sufficiently large current fluctuations [9, 51, 52], in which case we
can no longer discuss the steady-state statistics of the currents. Given this assumption,
σ(ρ) is not bounded from above, so our conjecture predicts that the symmetric ZRP shows
hydrodynamic behaviors for arbitrarily large current fluctuations. We check this prediction
by comparing microscopic and hydrodynamic scaled CGFs for the time-averaged current,
which are defined through
eTψ
ZRP
L (λ) ∼ 〈eλTJ〉, e(L+1)2TψZRP(λ) ∼ 〈eλ(L+1)2TJ〉, (D5)
respectively. Note that 〈·〉 denotes the average over all possible evolutions of the system
during a time interval t ∈ [0, T ] in the former and t ∈ [0, (L+ 1)2T ] in the latter. Since the
exact microscopic expression was derived in [9] as
ψZRPL (λ) =
(1− e−λ)(eλαβ − γδ)
γ + β + βγ(L− 1) , (D6)
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here we present a derivation of the corresponding hydrodynamic expression only.
From (15) and (D4), in the hydrodynamic limit the effective Hamiltonian of the symmetric
ZRP is
HZRP[ρ, ρˆ] =
∫ 1
0
dx
[−z′(ρ)(∂xρ)(∂xρˆ) + z(ρ)(∂xρˆ)2] (D7)
with boundary conditions given by
z(ρ(0)) = z¯a, z(ρ(1)) = z¯b, ρˆ(0) = 0, ρˆ(1) = λ. (D8)
Assuming an additivity principle, the optimal profiles satisfy
∂tρ =
δH
δρˆ
= ∂x [∂xz(ρ)− 2z(ρ)∂xρˆ] = 0,
∂tρˆ = −δH
δρ
= −z′(ρ) [∂2xρˆ+ (∂xρˆ)2] = 0, (D9)
which are solved by
z(ρ∗(x)) = − [(eλ − 1)x+ 1] [(z¯a − z¯be−λ)x− 1] ,
ρˆ∗(x) = ln
[
1 + (eλ − 1)x] . (D10)
Thus the hydrodynamic scaled CGF is obtained as
ψZRP(λ) =
H[ρ∗, ρˆ∗]
L+ 1
=
(eλ − 1)z¯a − (1− e−λ)z¯b
L+ 1
. (D11)
From (D3), (D6), and (D11), we obtain
lim
L→∞
ψZRPL (λ)
ψZRP(λ)
= lim
L→∞
(eλ − 1)α
γ
− (1− e−λ) δ
β
(eλ − 1)z¯a − (1− e−λ)z¯b = 1, (D12)
which is true for any scaling of λ with L. This confirms our prediction that the symmetric
ZRP shows hydrodynamic behaviors for arbitrarily large current fluctuations.
We check whether the rationale behind our conjecture is also at work here. Following the
procedure used for obtaining (84) and (85), we obtain
J =
1
L+ 1
∫ 1
0
dx [−z′(ρ∗)∂xρ∗ + 2z(ρ∗)∂xρˆ∗] = z¯a − z¯b
L+ 1
+
2
L+ 1
∫ 1
0
dx [z(ρ∗)∂xρˆ∗]
' 2
L+ 1
∫ 1
0
dx [z(ρ∗)∂xρˆ∗] . (D13)
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Thus J beyond the naive hydrodynamic regime is dominated by z(ρ∗) and ∂xρˆ∗. Due to
(D10), these quantities satisfy
z(ρ∗) '
e
λx(1− z¯ax) if λ > 0 and λ 1,
e−λz¯bx(1− x) if λ < 0 and |λ|  1,
∂xρˆ
∗ =
eλ − 1
1 + (eλ − 1)x '

1
x
if λ > 0 and λ 1,
1
x−1 if λ < 0 and |λ|  1
(D14)
for 0 < x < 1. Hence, a large J is supported by a large z(ρ∗), while ∂xρˆ∗ = O(N0) through-
out the bulk region. We note that ∂xρˆ∗ becomes arbitrarily large close to the boundaries,
attaining the order of L (corresponding to the threshold for non-hydrodynamic behaviors
found in the SPEP) for x ∼ 1/L (for λ > 0) or 1− x ∼ 1/L (for λ < 0). But one can easily
see that J has negligible contributions from these boundary regions compared to the bulk
in the L→∞ limit. Therefore, the symmetric ZRP confirms our proposed scenario of how
J stays hydrodynamic for unbounded σ(ρ).
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